
8.1  Arc Length 

 
If given a simple shape and we wanted to find the distance around (perimeter) the shape, we would add 

all of the lengths of the sides of the shape to find the total length around the shape.  For example, if the 

shape were a square, we would have 4 sides of equal length.  The Perimeter of the square would be 4 

times the length of one side, n, which would be 4n.   

 

Consider the following function, y = f(x), with the following behavior. 

 
 

If f  is continuous on [a, b], we can obtain a polygonal approximation to the curve of y = f(x), call it C, by 

dividing the interval [a, b] into n subintervals with endpoints x0, x1, …, xn  and equal width ∆𝒙.  If yi = f(xi), 

then the point Pi(xi, yi) lies on C and the polygon with vertices P0, P1, P2, … Pn is an approximation to C. 

 

The length L of C is approximately the length of this polygon and the approximation gets better as n 

increases. We get the following: 
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Where  |𝑷𝒊−𝟏, 𝑷𝒊| =  √(𝒙𝒊 − 𝒙𝒊−𝟏)𝟐 + (𝒚𝒊 − 𝒚𝒊−𝟏)𝟐 = √(∆𝒙)𝟐 + (∆𝒚)𝟐  (Note:  ∆𝑥 does not change 

whereas ∆𝑦 does.) 

 

Then apply the Mean Value Theorem to f on the interval [𝑥𝑖−1, 𝑥𝑖], we find that there is a number 𝑥𝑖
∗ 

between 𝑥𝑖−1 and 𝑥𝑖 such that 

𝑓(𝑥𝑖) − 𝑓(𝑥𝑖−1) = 𝑓′(𝑥𝑖
∗)(𝑥𝑖 − 𝑥𝑖−1) 

       ∆𝑦𝑖 = 𝑓′(𝑥𝑖
∗)∆𝑥 

Substitute this back into the equation for L and we get the formula for Arc Length: 

 

The Arc Length Formula:  If 𝑓′ is continuous on [a, b], then the length of the curve 𝑦 = 𝑓(𝑥), 𝑎 ≤ 𝑥 ≤ 𝑏, is 

𝑳 = ∫ √𝟏 + [𝒇′(𝒙)]𝟐
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In Leibniz notation 
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Example:  Find the length of the curve 𝑦 = 𝑓(𝑥) = 𝑥
3

2  between x = 0 and x = 4. 

First find 𝒇′(𝒙),      𝒇′(𝒙) =
𝟑

𝟐
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(Note that 𝒇′(𝒙) is continuous on the interval [0, 4].  Using the arc length formula gives: 
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Integrate using u-substitution:  let u = 1 +
9

4
𝑥 thus du = 

9

4
dx when x = 0 → u = 1, when x = 4 → u = 10 

       (4/9𝒅𝒖 =  𝑑𝑥) 
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2 − 1) ≈ 𝟗. 𝟏 𝒖𝒏𝒊𝒕𝒔 𝒍𝒐𝒏𝒈 

 

Example:  Find the length of the curve 𝑓(𝑥) = 2𝑒𝑥 +
1

8
𝑒−𝑥 on the interval [0, ln 2] 
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Substitute into the arc length formula: 
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Example:   Find the length of the curve 𝑦 = 𝑓(𝑥) =  𝑥
2

3 between x = 0 and x = 8. 

 

𝑓′(𝑥) =
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3
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1
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Note:  This function is undefined for x = 0 therefore the arc length formula with respect to x cannot be 

used.  BUT let’s try describing the curve with respect to y.  Solve 𝑦 = 𝑥
2

3 for x and you get 𝑥 = ±𝑦
3

2  When 

x = 0, y = 0 and when x = 8, y = 4.  Since both y-values are positive, we can use just the positive portion 

of the function.  𝑥 = 𝑦
3

2   and  𝑥′ =
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 𝑑𝑦  ≈ 𝟗. 𝟏 𝒖𝒏𝒊𝒕𝒔 𝒐𝒇 𝒍𝒆𝒏𝒈𝒕𝒉 


